In this paper we have defined anti fuzzy interior ideal in semigroups. We characterize regular, intra-regular and left (right) quasi-regular semigroups by the properties of their anti fuzzy ideals, anti fuzzy bi-ideals, anti fuzzy generalized bi-ideals, anti fuzzy interior ideals and anti fuzzy quasi-ideals.
Introduction
The fundamental concept of a fuzzy set was first introduced by L. A. Zadeh in 1965. A. Rosenfeld was the first who studied fuzzy sets in the structure of groups (Rosenfeld, A. 1971 ). The concept of fuzzy ideals in semigroups was developed by N. Kuroki (1979) . On the other hand, the concept of anti fuzzy subgroups of groups are introduced by R. Biswas in (1990) Let A be a subset of a semigroup S , then the characteristic function of the complement of A, that is C A C is defined by
A fuzzy subset f of a semigroup S is called a anti fuzzy sub-semigroup of
A fuzzy subset f of a semigroup S is called anti fuzzy ideal of S if it is both anti fuzzy left ideal and anti fuzzy right ideal of S .
A fuzzy subset f of a semigroup S is called anti fuzzy generalized bi-ideal of S if f (xyz) ≤ f (x) ∨ f (z), for all x, y and z ∈ S .
A fuzzy sub-semigroup f of a semigroup S is called anti fuzzy bi-ideal of S if f (xyz) ≤ f (x) ∨ f (z), for all x, y and z ∈ S .
A fuzzy subset f of a semigroup S is called anti fuzzy interior ideal of S if f (xaz) ≤ f (a), for all x, a and y ∈ S .
For any fuzzy subset f of a universe S and t ∈ [0, 1] we define the set
It is obvious that every anti fuzzy left (right) ideal of a semigroup is an anti fuzzy quasi-ideal, every anti fuzzy quasi-ideal is an anti fuzzy bi-ideal and every anti fuzzy bi-ideal is an anti fuzzy generalized bi-ideal, but the converse is not true. Every fuzzy subset of S which contains a is an interior ideal of S but {a, c} and {a, d} are not two-sided ideals of S .
Remark 1. From above theorem we conclude that a non-empty subset A of a semigroup S is an interior ideal of S if and only if the characteristic function of the complement of A, that is, C A C is an anti fuzzy interior ideal of S .
Let f be the fuzzy subset of S defined by
Thus by theorem 1, f is an anti fuzzy interior ideal of S but not an anti fuzzy two-sided ideal of S , because {a, c} is not a two-sided ideal of S .Note that Θ can be considered as a fuzzy subset of a semigroup S such that Θ(x) = 0, for all x ∈ S .
The proof of the following four theorems are available in (Shabir, M. 2009 ). 
Theorem 4. A fuzzy subset f of a semigroup S is an anti fuzzy left(right) ideal of S if and only if
Θ * f ⊇ f ( f * Θ ⊇ f ).
Theorem 5. A fuzzy subset f of a semigroup S is an anti fuzzy generalized bi-ideal of S if and only if f
* Θ * f ⊇ f .
Theorem 6. A fuzzy subset f of a semigroup S is an anti fuzzy bi-ideal of S if and only if f
* f ⊇ f and f * Θ * f ⊇ f .
Theorem 7. A fuzzy subset f of a semigroup S is an anti fuzzy interior ideal of S if and only if
Proof. Let f is an anti fuzzy interior ideal of S and p ∈ S such that p = xay. Then
Hence f is an anti fuzzy interior ideal of S .
Lemma 1. Let A and B be any non-empty subsets of a semigroup S , then C
Proof. It is straight forward.
Lemma 2. Let f be an anti fuzzy right ideal and g be an anti fuzzy left ideal of a semigroup S . Then f ∪ g is an anti fuzzy quasi-ideal of S .
Proof. Let f be an anti fuzzy right ideal and g be an anti fuzzy left ideal of S . Then
Thus f ∪g is an anti fuzzy quasi-ideal of S .
Lemma 3. Let S a semigroup, then the given properties hold.
(1) The union f ∪ g of two anti fuzzy sub-semigroups f and g of S , is also an anti fuzzy sub-semigroup of S .
(2)The union f ∪ g of two anti fuzzy left(right, two-sided) ideals f and g of S , is also an anti fuzzy left(right, two-sided) ideal of S .
Proof.
(1) Let f and g be any anti fuzzy sub-semigroups of S and x, y ∈ S . Then
Hence f ∪ g is an anti fuzzy sub-semigroup of S .
(2) Let f and g be any anti fuzzy left ideals of S and x, y ∈ S . Then
Hence f ∪ g is an anti fuzzy left ideal of S .
Similarly if f and g are any anti fuzzy right ideals of S and x, y ∈ S . Then
Hence f ∪ g is an anti fuzzy right ideal of S .
Now if f and g are anti fuzzy ideals of S , then f ∪g is obviously an anti fuzzy ideal by above proof.
Hence f •g = f ∪g.
Lemma 9. In a regular semigroup S , for every anti fuzzy bi-ideal (generalized bi-ideal) f of S , we have f
Proof. Let f be a fuzzy bi-ideal of S , then obviously f * Θ * f ⊇ f .
Let a be an arbitrary element of S . Since S is regular so there exists an element x in S such that a = axa, we have
Theorem 9. The set of anti fuzzy ideals of a regular semigroup S forms a semilattice structure.
Proof. It follows from lemma 8.
A anti fuzzy ideal f of a semigroup S is said to be strongly irreducible if and only if for anti fuzzy ideals g and h of S ,
The set of anti fuzzy ideals of a semigroup S is called totally ordered under inclusion if for any anti fuzzy ideals f and g of S either f ⊇ g or g ⊇ f .
A anti fuzzy ideal h of a semigroup S is called anti fuzzy prime ideal of S , if for any anti fuzzy ideals f and g of S , f * g ⊇ h, implies that f ⊇ h or g ⊇ h.
Theorem 10. In a regular semigroup S , an anti fuzzy ideal is strongly irreducible if and only if it is anti fuzzy prime.
Theorem 11. Every anti fuzzy ideal of a regular semigroup S is anti fuzzy prime if and only if the set of anti fuzzy ideals of S is totally ordered under inclusion.
The proof of the following two theorems are available in (Shabir, M. 2009).
Theorem 12. A semigroup S is regular if and only if ( f ∪ g) = ( f * g) for every anti fuzzy right ideal f and every anti fuzzy left ideal g of S .
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Theorem 13. For a semigroup S , the following conditions are equivalent.
(1) S is regular.
(2) f = f * Θ * f , for every anti fuzzy quasi-ideal f of S .
(3) f = f * Θ * f , for every anti fuzzy generalized bi-ideal f of S .
Theorem 14. For a semigroup S ,the following conditions are equivalent.
(2) f ∪ g ⊇ f * g, for every anti fuzzy right ideal f and every anti fuzzy quasi-ideal g of S .
(3) f ∪ g ⊇ f * g, for every anti fuzzy right ideal f and every anti fuzzy bi-ideal g of S .
(4) f ∪ g ⊇ f * g, for every anti fuzzy right ideal f and every anti fuzzy generalized bi-ideal g of S .
Proof. (1) ⇒ (4)
Let f be any anti fuzzy right ideal and g be any anti fuzzy generalized bi-ideal of S . Let a ∈ S , then since S is regular so there exists x ∈ S such that a = axa, we have
and so f
Let f be any anti fuzzy right ideal and g be any anti fuzzy left ideal of S , then obviously f * g ⊇ f ∪ g. Since every anti fuzzy left ideal is an anti fuzzy quasi-ideal of S . So by assumption, we have f * g ⊆ f ∪ g. Therefore f * g = f ∪ g for every anti fuzzy right ideal f and every anti fuzzy left ideal g of S . Hence by theorem 12, S is regular.
Theorem 15. For a semigroup S ,the following conditions are equivalent.
(2) f ∪ g = f * g * f , for every anti fuzzy quasi-ideal f and every anti fuzzy two sided ideal g of S .
(3) f ∪ g = f * g * f , for every anti fuzzy quasi-ideal f and every anti fuzzy interior ideal g of S .
(4) f ∪ g = f * g * f , for every anti fuzzy bi-ideal f and every anti fuzzy two sided ideal g of S .
(5) f ∪ g = f * g * f , for every anti fuzzy bi-ideal f and every anti fuzzy interior ideal g of S .
(6) f ∪ g = f * g * f , for every anti fuzzy generalized bi-ideal f and every anti fuzzy two sided ideal g of S .
(7) f ∪ g = f * g * f , for every anti fuzzy generalized bi-ideal f and every anti fuzzy interior ideal g of S .
Let f be any anti fuzzy generalized bi-ideal and g be any anti fuzzy interior ideal of
Let a ∈ S , since S is regular so there exists x ∈ S such that a = axa, we have a = axa = axaxa = a(xaxa). Therefore
It is clear that (7) ⇒ (5) ⇒ (3) ⇒ (2) and (7) 
Let f be any anti fuzzy quasi-ideal of S . Then, since Θ is itself an anti fuzzy two sided ideal of S . So by assumption, we
Hence by theorem 13, S is regular.
Now we characterized intra-regular semigroups by the properties of their anti fuzzy ideals.
An element a of a semigroup S is called intra-regular if there exist elements x, y ∈ S such that a = xa 2 y and S is called intra-regular if every element of S is intra-regular.
The proof of the following theorem is available in (Shabir, M. 2009 ).
Theorem 16. A semigroup S is intra-regular if and only if
( f ∪ g) ⊇ ( f * g),
for every anti fuzzy left ideal f and every anti fuzzy right ideal g of S .
Theorem 17. For a semigroup S , the following conditions are equivalent. a = axa = axaxaxa = ax(yaaz)x(yaaz)xa = (axya)(azxya)(azxa).
Therefore, we have 
Let f be any anti fuzzy left ideal of S . Since every anti fuzzy left of S is an anti fuzzy quasi-ideal of S , we have
and so f = f 2 . Hence by theorem 18, S is a left quasi-regular.
Theorem 20. For a semigroup S , the following conditions are equivalent.
(1) S is both intra-regular and left quasi-regular.
(2) g ∪ h ∪ f ⊇ g * h * f , for every anti fuzzy quasi-ideal f , every anti fuzzy left ideal g and every anti fuzzy right ideal h of S . (4) g ∪ h ∪ f ⊇ g * h * f , for every anti fuzzy generalized bi-ideal f , every anti fuzzy left ideal g and every anti fuzzy right ideal h of S .
Proof. (1) ⇒ (4)
Let f be anti fuzzy generalized bi-ideal, g be any anti fuzzy left ideal and h be any anti fuzzy right ideal of S . Let the element a ∈ S . Since S is intra-regular so there exist elements x, y ∈ S such that a = xa 2 y. Since S is left quasi-regular so there exist elements u, v ∈ S such that a = uava, we have a = uava = u(xaay)va = ((ux)a)((a(yv))a). Let f be any anti right ideal and g be any anti fuzzy left ideal of S . Since every anti fuzzy left ideal g is an anti fuzzy quasi-ideal of S and Θ is itself an anti fuzzy right ideal of S , we have g = g ∪ Θ ∪ g ⊇ g * Θ * g ⊇ g * g ⊇ g * Θ ⊇ g, and so g = g * g. Hence by theorem 18, S is a left quasi-regular. Now since anti fuzzy right ideal f is an anti fuzzy quasi-ideal of S and since Θ itself an anti fuzzy right ideal of S , we have
Hence by theorem 16, S is intra-regular.
